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The component structure of the most general random hypergraphs, with edges of differen
sizes, is analyzed. We show that, as this is the case for random graphs, there is a “double jump™ in
the probable and almost sure size of the greatest component of hypergraphs, when the average vertex
degree passes the value 1.

1. Introduction

A hypergraph H=(V, E) is a sct VV of vertices and a family E of subsets of V'
called edges. The edges of H may heve various sizes; in many cases the size of its lar-
gest edge, called the range of H, hus special importance. The probable structure of
random graphs, (hypergraphs of range 2), with » labelied vertices and given density,
has been studied in a series of articles by Erdds and Rényi, [6]. where many striking
results have been established.

For a number of fundamental structural properties P. there exists a “threshold
Sunction™ P(n), such that the probability that the graph G possesses P increases from

0 to 1, when the density parameter D, {n) of G, (OEDG(H)E(SD, ranges from
P(n)fo(m) to P(mw(n), (for any o) s.t b w(my=-e=). This is the case for

connectedness, and for the presence of certain subgraphs of given type and order
(such as perfect matchings, trees, cycles or connected components). Naturally the
question arises whether these results generalize to hypergraphs of arbitrary range
with edges of various sizes. All monotone properties have ‘‘threshold intervals’
[P(n), P(n)], meaning that Prob (H possesses P) increases from 0 to 1, when Dy (n)
ranges from P(i) to P(n), however it is not clear for which monotone properties
these intervals become narrow enough as to define a threshold function. In a previous
article [9] we made the attempt to find a threshold function, or rather a narrow
“threshold interval”, {or the presence of perfect matchings in random hypergraphs,
and it is an open question whether a threshold function for this hypergraph-property
exists. In the present article we investigate the growth of the greatest (connected)
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component in random hypergraphs. For random graphs, the situation can be sum-
marized as follows, [Erd@s and Rényi, 5]:

If C(d) is the size of the greatest connected component in a random graph of
order n with average vertex degree d. then with probability tending to 1 when »
tends to o=:

C(d) = Oflogn) for d=<i

(1.0 C(d) = 0¥y for d =
C(d) = O0(n) for d =~ 1.

This “double jamp™ of the size of the greatest component wlhen d passes the value
| is one of the most impressive facts concerning random graphs. It generalizes to
uniform as well as mixed hypergraphs and the corresponding result reads:

If C(d" (1)) is the size of the greatest connected component in a random hyper-
graph of order ., range ¢, with 2=z O(In »), and with average vertex degree d* (»).
then with pr obal*lllty tending to 1 when z tends 1o infimity:

C(c[ (M) =0(logn) for d=1

1.2) C{d¥ () = 0™y for d =1
(

Cld™(im) = 0w/ for d =1,

The theorems in Section 3 prove the relations stated in (1.2). and include
also information on the expected structure of the hypergraph-components.

One can consider components of random hypergraphs as an outcome of a
branching process. This explains the jump from a negligeable size if d*(n)<1 to
a very large size il " (nm)=1, but this approach is not expected to yield the refined
and precise results we state. These are achieved by elaborating the counting and
estimation method used in [5].

However proving the existence of a large path for d*(n)>1 may necessitate
an intricate branching process analysis like the one given in [1] for random graphs.

We shall introduce a few definitions in order to simplify the formulation of
our Theorems.

2. Definitions and Notations

Probability Spaces

Probability spaces of graphs have been studied in a series of articles by
ErdGs and Rényi [6]. These spaces generalize to hypergraphs in a natural way.
This has been done extensively in [9]. Random hypergraph-spaces have been studied
as well In [8. 10, [1. (2] und mentioned in [4].

# (. NY: N=N,, .. N, # (. Ny is the space of ali hypergraphs with » vertices,
and N, edges of size ¢ AH hypergraphs in this space have equal probability.

A Py P=(pa. pue ... p). H(n, P) is the space of all hypergraphs with » vertices.
The probability of a hypergraph in this space is calculated by the following condition :
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edges of size i occur independently from each other and from edges of other size,
with probability p;. Hence all hypergraphs with the same number of edges, for all
sizes i, have the same probability in #(n, B). Spaces of ordinary graphs are included
here with p;=0 for all iz2. When H is t-uniform, (p,=0 for all ist), we denote
the corresponding space by J#(a, p,).

Many definitions mentioned here were introduced by Berge [2, 3], some others
extend these definitions or other common notions in graph theory.

Notations

In the following notations all hypergraphs H(V, E) are of range 7 and belong
either to the space J# (n, N) or to the space (1, p).

A k-edge is an edge with k vertices.

4
E=1J E,, E, is the set of k-edges of H.
k=2

The edge-degree of veV is the number of edges containing v.

The vertex-degree of vl are the number of pairs (v;, ¢;) such that {e, p;}€e;.
(Note that vertices which have multiple links with v are counted accordingly.)

E(Y) is the expectation of the random variable Y.

n—1 k|E, i .
[k-l ]I’k =k [%) for HEF (a, p),

KN, k -
kN, _ kIE] for HEA(N). =

it n

i

d(n) = 2 d.(n)

2.1) du(n) =

d,(n) is the average k-edge degree of He# (n, N), (or the expected average if
H¢# (n, P)), d(n) is the (expected) average edge degree of H.

(2.2) i) = (k=Ddy(n) d"(n) = g (k—1)d, ()

dyf (1) and d*(n) are respectively the (expected) average k-vertex degree and the (ex-
pected) average vertex degree of H.

Definitions

A sparse hypergraph is a hypergraph with average vertex degree less than one.

A probability space of sparse hypergraphs is a space JF, in which the expected
average vertex degree of HEH# is less then one.

A hyperpath between s; and s, is a tuple (s, ¢;. Sa. ..., €, 5., =5/), such
that for 1=i=y, ¢,€E, and s, s:.,)€¢;.

A cycle in a hypergraph is a tuple (s;, ¢,, Sa. ..., ¢,, §1), such that for 1=, j=
=1, ¢#e;, ¢,€F, and {s,s5,.,}€¢;. Note that all edges of a cycle are distinct.

A subset S of Vin H is comnected if there is a hyperpath between any two ver-
tices of S.

A subset S of Vin H is isolated if there is no hyperpath between the vertices
of Sand V—S, (S and V—.S§ are disconnected).

A subset S of ¥ in H is self-connected if S is connected and all the connecting
edges are subsets of S.



84 J. SCHMIDT-PRUZAN, E. SHAMIR

A subset S of Vin H is a comnected component if S is (self)-connected and
1solated.

A spanning hypertree (h-tree) on SSV in H(V,E) is a hypergraph
H'(S, E5), EqS E, where Sis connected in H’, (and hence self-connected in H), and
the removal of any edge from Eg will disconnect S i H".

Note that spanning A-trees may contain many cycles; an edge {v,, v, b3}
in the h-tree might be the only one covering v, but nevertheless close a cycle between
r, and v,.

A simple consequence of these definitions is that if S is self-connected then
there is an A-tree in H spanning precisely the vertices of S. Note that for simple
graphs (edges of size 2), the notions of connected and self-connected are the same.

A hvper-breath-first-search (hBFS) with toot v, of a connected component
H’ is defined as follows:

— v, 1s at level 0 of the search.

— Level i+1 of the search consists of all new vertices which are connected
to some vertex of level 7, (the edges contributing the vertices intersect level 7, but do
not inteysect any lower level).

Note that if H' is an h-tree then every edge of H' contributes at least one vertex
to an hBFS rooted at any of its vertices.

A cycling edge in an hBFS is an edge of size i, contributing less than (i —1)
vertices, (and hence adding at least one cycle to the structure).

3. Main theorems and proefs

In order to investigate the probability of the appearance of connected com-
ponents with a given number of vertices in a random hypergraph HeS# (1, p), we
shall point out a few facts, which are obvious enough as not to need an explicit proof.

Observation 3.1. If S(Vs, E;) is a connected component of H(V, E), then S contains
an isolated (however not necessarily cycle-free) h-tree S’ spanning Vs with a subset

of Es. |

Observation 3.2. In a t-uniform hypergraph H(V, E) a spanning h-tree on s vertices
has between [(s—1)/(t—1)] and (s—t+1) edges, and a cycle free h-tree has exactly
[(s—1)/(¢e—1)1 vertices. ||

Observation 3.3. In a hypergraph H(V, E) (with edges of different sizes) a spanning
h-tree on SCV,|S|=s, has t edges, 1=2t;, (t; edges of size ), such that

2ii—Dz=s—1=24t. |

Observation 3.4. The cycling index of a connected component with s vertices and f;
edges of size i is defined as (5 (i—1)1;)—(s—1)). A connected component with cycling
index ¢ contains at least ¢ cycles.

Observation 3.5. #(n, p) is a space of sparse hypergraphs if p=(ps, ..., P Pi=
. -1 —

=u; [(i—l)(?_ 11]] and Jou;=a<1. #(n, N) is a space of sparse hypergraphs if

N=(Ny, .., N), and Ji(i~1)(N/my=a<1. (Note that o;=d}(n) and a=d*(n),

as defined in (2.2)). 1
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Theorem 3.6. Let C and ¢ be two positive constants such that C=1 and O<e<l1
and let H be a sparse random hypergraph, of order n, range t and average vertex degree o.
Under the above conditions there are constants K, ¢ and K, ,, such that, with proba-
bility 1 —o(n=C), the largest connected component in H contains less than K, (¢ In n)
vertices and with probability 1 —o(n™%) more than K, , In 1 vertices. Furthermore the
cyeling index of the connected components of H is, with probability 1—o(n=*+oW),
at most k.

Theorem 3.7. Given a random hypergraph H, of order n, range t and average vertex
degree a=1, with probability | —o(l) the largest connected component in H contains
less than w,(mMn** and more than n*Pjw(n) vertices, where w(n) is any function satis-
fying ,}im o) =<0, and ;(n)=O0(In n).

Theorem 3.8. With probability 1 —o(1) the largest connected component in a random
hypergraph H, of order n, range t and average vertex degrec o>1, contains more than
Bonjt vertices, where 0<pf,<1, is a constant, (independent of n and t).

Before proceeding to the proofs of the three theorems, we shall outline their
main ideas.

Outline of proofs (Thm. 3.6 and 3.7). Let C(S) be the number of connected
components of size S in H, and E(C(S)) the expectation of C(S). We shall show that
both for x=1 and for o<1 the following holds:

N if E(C(S)) =o(l) then Prob(C(S)=0)=1-0(1)
for a=1
@) Prob (3 C(8) = 0) = 1—I/E(3 C(S)).

Relation (1) is evident, whereas relation (2) will be proven by the second moment
method. Note that relation (2) is trivial if E(C(S))<1, we shall actually use it only
for the case E(C(S))~— <, to show that the corresponding probabilities are 1 —o(1).

Qutline of proofs (Thm. 3.8). We shall show that when d*(#)=x passes the value
one, there is a constant fi<1 such that, for Q(log(n))=S<pn, E(C(S))=0(1).
It follows that, with probability 1 —o(1), H does not contain connected components
in the above range. On the other hand, with probability 1 —o(l), not all connected
components in those graphs have less than O(log (n)) vertices, (this is obvious even
from the case d*(n)=1). We then conclude that with probability (1—o(1))
H contains one connected component with more than Bn vertices.

From the outline of the proofs we see that they are based on a precise evalua-
tion of E(C(S)). We shall show that the easier task, a precise evaluation of E(T(S)),
the expected number of isolated cycle-free h-trees in H, shall suffice. E(7(S)) is
indeed easier to evalnate than E(C (S) ], since

1. The T; edges of size i of any cycle-free h-tree with S vertices satisfy the
relation >/ (i—1)T;=S—1, while the edges of a connected component with S vertices

merely satisfy the relation > (i—1) [i_Sl]%Z(i——l)T,-zS~l.
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2. As we shall show in Lemmas (3.11, 3.12) we can give exact formulas for the
number of different cycle-free h-trees on S labelled vertices, (while the same task for
connected components with S vertices is very hard).

In Lemma (3.13) we evaluate E(T(S)), using the count established in (3.11)
and (3.12). In Lemma (3.14), (3.15) we derive E(C(S)) from E(T(S)). Finally in
Conclusion (3.16) we draw the final conclusions necessary for the proofs of the three
theorems. First however (Lemma 3.10) we shall prove Relation (2), without explicitly
evaluating E(C(S)). or even E(T(S))

Observation 3.9. If S, and S, are two connected components of H, spanning respecti-
vely Vy and V, then either V=V, or ViNV,=0. |

Lemma 3.10. Inz @ hypergraph H{V, EYEH (n, p) with average vertex degree d”(n)=
=az=1 the following holds for all 1=8;<=S,=#u

Prob {C([Sy, S]) > 0} =1 —

1 . 5
- wher : Sh= >
E(CTS,. 5, vhere  C([S;. Sa)) s—“él C(8).
Proof. As already mentioned we shall prove the above by the second moment me-
thod, [7]. We shall actually prove the inequality for a singleton S, namely
Prob {C($)=0)=1—1/E(C(S)). This proves of course a slightly weaker claim,
but the stronger version (needed only for the case a=1 in Lemnma 3.13) is easy to
verify, using exactly the same proof, but requiring more complicated notations.

Prob {C(S) = 0} =: Prob {|C(S)-E(C(S))| = E(C(S))}
Var (C(S)) _ E(C(S)?)

S () B = (416 N

We shall show that
E(C(S)})
o = 1 /E(C(S)).
For this purpose we shall order the (g} subsets with S vertices of ¥, such that for
1=i=S we can refer to the i*" subset, and then define
() \ {l the '™ subset is a con. comp. of H

S = . ’L .
C(S) ig X where 0 otherwise.

From Observation 3.9 it follows that there are exactly [Z) [n _SS] ordered pairs of

(X;, X)), for which E(X;AX;)=0. Furthermore, for all these pairs, the event
(X;=1) is almost independent from the event (X;=1), except what concerns edges
between the i and j' subset. We conclude that

¢ . ! 28 _a S n.—2S
E(XAX) = EQOEX) [] (1-p) ALG) G0

= E(X)E(X)) g (1= py =62,
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We can now proceed to evaluate

n

E(féf;)g [S] [n}S]E(Xi)E(X,-) 56 [g]E(Xi)

ny (1) ., Pt Y (1) s

(s)(5) = (5)(5) e
n—>5

S

b1

S
The first factor of the first term is bounded above by (11— S)*/n’, whereas the second
factor is bounded by (1 — Sz/n)~5. We conclude that, for «=1, the whole sum is

bounded by 1+ 1/E(C(S)). This finishes the proof of the Lemma. Note that exactly
the same proof holds for T(S). |

i
CE(C(S)”

77 a—py )

Lemma 3,11. The number of cycle-free t-uniforin h-trees spanning [S-+11=(—1)T,
labelled vertices, equals the following cxpression:

(S+ DS+ DTV

(CESNALIE I

(3.11)
Lemma 3.12. The number of cycle-free h-trees of range t spanning [ S+ 1] labelled verii-
ces, equals the following expression:

(S+ 1)1 (S+1)ET-D
iz Tr=s (S+HDIL(TH - DT T

T; stands for the number of edges of size i, in the h-trec.

(3.12)

Proof (of both lemmas). A cycle-free h-tree, with [S+1] vertices is parameter-
ized by exactly one hBFS for each of its potential [.S+1] roots. The edges of size i,
occuring in the hBFS, can be decomposed in contributed (new), and one connecting
(old) vertices. Once the partition of the » vertices into [ > T;]contributions and the root
v, is determined the number of hBFS with precisely these contributions is (S+1)& i =1,
This is a generalized Cayley formula, which we shall demonstrate right below by
showing that the number of hBES (v,, {T}}), in which vertex v has edge-degree d,+1 is
>Ti-1
ey Aoy oo s g
procedure:

exactly [ ] All the h-trees (v,, {T}}) can be generated by the following

1. All 3’ T, sets are free (unlocked) and not frozen. All vertices are free. Lock
the root and all vertices v with d,=0.

2. While V contains free vertices do begin (**Construct subiree rooted at free
vertex™™}
(3) v is any free vertex in a free set. v chooses d, neighboring sets among the
free sets. All chosen sets, as well as v become locked, the set of v becomes
frozen.
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(b) While I© contains free verticest n locked sets do begin
v, 18 any free vertex in a locked set. v, chooses d, neighbors among
the free and not frozen sets. All chosen sets as well as v, become locked.
end
Unfreeze the set of ¢,.
end
3. All the free sets become the neighbors of the root. (There are exactly
2 Ti— 2 d,,=d.+1 free sets left at this point).

All hBFS with degree sequences d, are generated by the above procedure.

Furthermore it is easy to verify that the number of different hBFS is exactly
ST-1

(2. L,

L

], and hence their total number is
S

ST, | .
dZ (d F cd ) = (SR
(20 N My s Beg

(3.12) follows. §

Lemma 3.13. Let T(S) be the number of isolated cycle-free h-trees with S vertices, in @

-1
hypergraph HEF (n, p), of range t with [p‘:cxi {(i~1) (zﬁl)) ] and D oa;=a,
then

N {E(T(S)) =o€ for S=K,ctlnn=CK,tlnn
§oo= E(T(S)) = n® for §<Kslnn
—-2/3
E(T(S) =0 (%W] for S = w@mmn?
if a=1

E(Z,T(S)=om for §f= {S ‘% n? = o) S = 112/3}

if a=1 E(T(S)=o0( ") for K/tlon< S <K.njt.

Proof. Let S'=S+1. Denote: [u],=nl/(n—k)!.
A specific isolated cycle-free A-tree with T, edges of size i in H with probability
p; for edges of size i has probability:
., )Y
11 ra-pp B0,

The first product accounts for the 7; edges of the h-tree, while the second factor
accounts for the fact that the h-tree is isolated. It follows now from (3.12), and the
formula for p; that E(T(S")) equals:

z (5)(3)

) [n]s: 1 H(S’ai/(i—l))T-‘ [T (1—p)i=: .

(rize-Bt—s—y H({([n)-1)" 74 (T)!
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Since > (i—DT,=5'—1=S, il is convenient to express the formula in terms of
S, instead of S’, which essentially will make no difference.

_ ¢ OMnls n (So /(i — 1)) oSG
(3.13) {7’,4|"'“) Tt s M T {7 (1-p) 2

B y (Scx/(l 1))r
B i T

Where ¢(S, 2} 1s given by the following expression:
(3.1351) Q(S, ,1‘_) — 0(1)_‘.%2_e—S(Z‘-ai/i—l)e—(l—a)S‘ZIZne—O(S"‘inZ)(,(t—l)SinA

The following lines contain the evaluation of (3.13), for any «, and finally the
distinction into the three cases (x<1, a=1. a>1), leading the different threshold
values for S.

We shall show that the function

s\
1) = H[TTI 3

defined on all {T7} for which > (i—1)7;=S, has an absolute maximum at 7=
=(u;+5;)S/(i—1) for some {g} for which 3 (x;+¢)=1. All the ¢; are positive if
o;=1, and all the g; are negative if > o;>1; their precise value shall be given in

the course of the proof ) R
Let T=T,, ..., T, be any vector T for which 3 (i—1)T;=S. We shall denote
by 7 all the indices for which T;=T?, and by j all those for which T;=7}. Then

vi Ti+e; =T, ¢, =0
st. S (i—le, = 3 (j—1e;.
vji Tj—c¢; =T}, ¢;=0
Now
5\
(s e
@ D =T — L
1 [“T_T] [T} e,

)
b) = /(92 i
71 (550)

i

g(&) where g(¢) = e 0@ = |,

Upon substituting T2=(o, +5,)S/(k—1) for all k=2,

© = (1Y) £("‘—J"”—]—g«:).

o; €t
ﬁ[ai-i-s,-]
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Set g, =0, (e"*"Y¥ —1) where B is the unique real solution of
Saet =1 (=0 if =0 and F=0 if z:=0).
Upon substituting &, one obtains:
(d) S(T) = f(TO)ehZ6-De-ZU=De)g (@) = f(T") g(0)

This proves that f(T)=f(T¢ for any T. To evaluate (3.13) it remains to eva-
luate o(S, &) f(T")

(o S/G— S/(L l))T?

(e) 2(S, 0) f(T%) = (S, ) H

' e (o; +)S[(I—-1)
(f) = o m) [T (2]
(2) = 0(5\ czi)ezbl(t—l){zi—cflz(ziv:S,)],

where L=2 if u<1,L=8 if a=1. Note that > &i/(z;+&)=(1 -2 «,)% and sub-
stitute ¢(S, ¢;) as given in (3.13a), to obtain the bound of:

. n
= 55‘2
1. Sparse hypergraphs (ie. a=<1)

e—(1 —2)2SIL(t— l)e—(l—a')S‘zl‘.!u’

(h)

. S . .
Since there are at most [t—Z) terms in the sum, we conclude that (3.13) is
bounded by

[ S ] 1 —a-aese-1)
r—2) §*

For S=K,ctlnn, with K, =CK,z=4C/(1 —x)? we obtain that
E(T(S)) = o).

For S<K;Inn, with K;~(1—38), it follows from (e) tlmt the single term corres-
ponding to T° is greater than #°, and hence E(T(S8))=n’.

2. a=1
In this case we could have stopped the estimates at (e), and conclude that
(3.13)equals
0 2 0(52) f(T°) g (9).
fep el ZG=De;=X0 - e}

We proceed to estimate (el):

= 2 00)@ H

(c;-,(‘j]...)

o~ OWXHTY) o —0(s%a)

n | 2170
— 0(1)_.6_0(33‘!"2) ._.e_o('xpiII')
S* ("i!cjz“y"'} '.]:71 VTxO

U s
= 0() = o,
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For S=w()n*®, we obtain that
E(T(S)) = o(n=e="™), and E(ZT(S)) = o(e- ™).
Whereas for #=[n**/2m:(n), n**/w(n)]
520; E(T(S)) = O(o(m)*).

3 a=1
We continue the development from (h) one step further and obtain the expres-
sion in the following form:
_fe-1F @-1s
(l) % e {S(z—l) 2n }S

For S=48(w—1nj(z—1)=4, [’ = 1. the expression in the brackets is greater
than

87— 1
and hence (1) is n/So(e™ 751,
For S=2/fMtlnn=K,tlnn and f=p"/2 (1) is bounded by

(_)(E,—[}S/l)-
This concludes the proof of the lemma. §

Clearly E(T(S$))=E(C(5)). and hence for all S for which E(7(S))==
E(C(S))=-> holds. It remains to show that, for most values of S, if E(7(S))=
o(l), then E(C(S))=o0(1). The next two lemmas chow that E(C(S)) is, in all
relevant cases not considerably larger than E(T(S)).

Lemma 3.14. If C, (S) is the manber of connected components with ¢ycling index k in
H(V.EYe o (n, py with average vertex degree > oy=o:=1, then:

- -2 7 VK
E(C(S)) = (O—(?WJL E(7(S+ k).
Proof. A connected component with S vertices and cycling index &, can be represented
as several cycle-free h-tree with S+ k vertices, composed of the original S vertices and
& additional copies of vertices of S. (This can be done for example during a hBFS in
which all edges of size / will be forced to contribute i —1 vertices by dynamically
adding additional copies of vertices which already appeared in the hBFS.) Tt follows

that
(nYU (SR L -1
c,l.(,s>(';] _.( . ]T(S+k) [Sfll—k] .

For E(Ci(S)) we need the probability that a specific conuected component with
cycling index k and T; edges of size /. is present in HEA (n, p); for E(T(S)) we
used the probability that a specific cycle free h-tree with T; edges of size i is present
in He.# (n, p). These probabilities are given respectively by:

v (S\(n—S . X (Stk n—S—k
]] I)IT'(I ;pi)jrl .j)(i—,i) and ” I)ili(l _pi)js).l i )( i—j )



Y2 J. SCHMIDT-PRUZAN, F. SHAMIR

Note that for both structures > {(i—17T;=S—-14+4%. It follows that:
n—8§ (S+k)(n S -k

[g) (S“] E(T(S+K) JT (1 - py* DG

7 i
S+k

(IS+ kL) 1
- k! [n— S}

E(Ci(9)) =

A

AT /-1

2/ 1)1k
= ﬂ%-/—’-’-)‘— E(T(S+k). R
Lemma 3.15. ( The structure of connected components) The expected number of cycles,
E(cych), in H(V, EYe A (n, P), with average rertex degree Zai:aé 1,is O(lnn)
for a=1_ and O(1) for a=<1. Moreover, for cach constant C, there is a constant K
such that the probability that H(V, EYe# (n. B) contains more than K¢ 1n n E(cycl)
cycles is less than n™C.

Proof. The expected number of cycles of order ¢ in H(V, E) is

()= pa-p=y = L(Zmy =

We conclude that: E(cyel)= V%-

This is indeed O(In ») for a=1, and o) for a=1.

Moreover, we can divide the cycles into 2E{cycl) order groups such that the
expected number of cycles in each group is at most 1/2. It follows that for edge dis-
joint cycles the probability of having more than C(in i) cycles in any group is
o(n~°), and hence the probability of a total of more than K.(In 1) disjoint cycles is
o(E(cycl)n=C). It is easy to verify that the probability of intersecting cycles is even
smaller. |

3.16. ( Conclusion of the proof of Theorems (3.6), (3.7), and (3.8))
V. a<l (Theorem 3.6)
(2) (upper bound) By Lemma (3.15) with probability 1 —o(n~%), H(V, E)
contains at most O(In ») cycles and hence by Lemma (3.14)

< {O(S /n)}

L2 Qlnn)

For S=CK,1Inu (by lemma (3.13)) E(T(S))=o0(n"°), and hence

E(C(S)) = E(T(S+ k).
E(C(S) = {0(5 /”)u o(n—SIE LMY = g (p~—CO—o@)),
%

(b) (lower bound) For S-=Kslnn E(C(S))=E(T(S))=#" and hence by
Lemma (3.10) Prob (C(S)=0)= —n“’ Moreover again by Lemma (3.14) for all §



RANDOM HYPERGRAPHS 93

for which E(C(S))#o(1). (ie. S<K,7lnn)

{O(SYmy}F 1

E(Cu(S)) = A0S Imy E(T(S+k)) = =

A
and we conclude that the cycling index of the connected components of H is with
probability 1 —o(n=*+°@) at most k. (This holds for any positive integer k.)

2. a=1(Theorem 3.7)
(@) (upper bound) Again by Lemma (3.15) with probability 1 —e(1) H(V. E)
contains at most O(In x) cycles and hence by lemma (3.14)

gcsy= > 98T s )

b\w(}(n)nd" k<OQnn) k!
- {o (5-/11)“ ,
- Z y —'_ )./'ie W (n))
{6\5‘ {3 k k!

which is o(1) if w@)=Inn.
(b) (lower bound) For #={S|n*32< Sw(n)<n*3)

E(3,C(5) = E(Z,T(S)) =

and hence by Lemma (3.10) Prob (2>, C(S)=0)=1—0(1). This concludes the proof

of Theorem (3.7).
3. a=1 (Theorem 3.8) By Lemma (3.14),

R' ujt 0 S
S E(C(S) = 2{ ( f”)‘ E(T(S+K))
S= l\ tinu
Ko nit )
= 2' eSQIno(e—ﬁb,’I‘)‘
S=K_than

This is o(1) for S=min (K}, f)n/t=0(n/t). It follows that in this case H
has with probability 1 —0(1) at least one connected component with O(n/t) vertices.
This terminates the proof of Theorem (3.8).

This also terminates the proof of all our Theorems. [J
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