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The component slruclure of the most general random hypergraphs, with edges of differen 
sizes, is analyzed. We show that, as this is the case for random graphs, there is a "double jump" in 
the probable and almost sure size of the greatest component of hypergraphs, when the average vertex 
degree passes the value 1. 

!. Introduction 

A hypergraph H = ( V ,  E) is a set V of  vertices and a family E of  subsets o f  V 
called edges. The edges of  H may h~ve various sizes; in many cases the size of  its lar- 
gest edge, called the ralge of  H, h,s  special importance. The probable structure of  
random graphs, (hypergraphs of  raJ,ge 2), with n labelled vertices and given density, 
has been studied in a series of  articres by Erd6s and Rdnyi, [6]. where many striking 
results have been established. 

For a number  of  fundamental structural properties P. there exists a ~'t/~reshoM 
function" P(n), such that the probability that the graph G possesses P increases from 

1. when the density parameter  D~( 'H)of  G. [ 0 ~ D G ( n ) ~ [ ~ ] ] ,  ranges 0 t o  from 

P(n)/~,)(n) to P(n)o)(n), (for any ~,)(n) s.t. lira ~,)(J~)=~*). This is the case for 

connectedness, and for the presence of  certain subgraphs of  given type and order 
(such as perfect matchings, trees, cycles or connected components). Naturally the 
question arises whether these results generalize to hypergraphs of  arbitrary range 
with edges of  various sizes. All monotone properties have "threshold intervals' 
LP(n), P(n)], meaning that Prob (H possesses P) increases from 0 to I, when Dn(n) 
ranges from _P(n) to P(n), however it is not clear for which monolone properties 
these intervals become narrow enough as Io deline a threshold function. In a previous 
article [9] we made the at tempt to find a threshokl function, or rather a narrow 
"threshohl interval", for the presence of  perfect matchings in random hypergraphs, 
and it is an open question whether a threshold function for this hypergraph-property 
exists. In the present article we investigate the grouth  of  the greatest (connected) 
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component  in random hype,graphs. For random graphs, the situation can be sum- 
marized as follows, [Erd6s and Rdnyi, 5]: 

If  C(d)  is the size of'~he greatest connected component  in a random graph of  
order J~ with average vertex degree d, then with probabili ty tending to 1 when n 
tends to o~: 

C ( d ) = O ( l o g t O  for d < i 

(1.1) C(d) = 001 ('-7:~) for d ~,',: l 

C(d) = O(ll) for d > I. 

This "double j ump"  of  the size of  the greate,~t component  when d passes the value 
1 is one of the most impressive facts concerning random graphs. It generalizes to 
uniform as well as mixed hypergq-aphs and the correspor~ding result reads: 

If C(d:' (n)) is the size of  the greatest connected component  in a random hyper- 
graph of order n, range t, with 2 > t =  O(ln n), and with average vertex degree d*(n), 
then with probability tending to 1 when ~ tends to infinity: 

(~.2) 
C(d*(n)) = 0 ( I  log,7) for d ~- 1 

C'(d~(J~))--O(n ~e/:'') for d -'.. 1 

C(d ' (J0)  = O(~7/t) for d > I. 

The theorems in Section 3 prox, e the relations stated in (1.2), and include 
also information on the expected structure of  the hyper~'aph-components .  

One can consider components of  random hypergraphs as an outcome of  a 
branching process. This explains the jump fl'om a negligeable size if d*(n)<  1 to 
a very large size if d*(n)>--l, but this approach is not expected to yield the refined 
and precise result.,, x~e state. These are vchieved by' elaborating the counting and 
estimation method used in [5]. 

However proving the existence of a large path for d * ( n ) > l  may necessitate 
an intricate branchhlg process analysis like the one given in [1] for random graphs. 

We shall introduce a few definitions in order to simplify the formulation of  
our Theorems. 

2. Definitions and Notations 

I-'robabi/itv Spaces 

Probability spaces of  graphs ha~e been studied in a series of  articles by 
Erd(Ss and R6nyi [6J. These spaces generalize to hypergraphs in a natural way. 
This has been done extensively in [91. Random hypergraph-spaces have been studied 
as well in [g, 10. I1, 12] mad mentioned in [4]. 

.7/'0l. N): N = N . ,  . . . . .  N,. #{:(a, N) is the :,pace o[" all hypergraphs with n vertices, 
and N, edges of  size i. AIt hypersraphs in this space have equal probability. 

-//(n, iS): /J=(Pe- P:: . . . . .  p,). ,~(tt,  ~,~) is the space of  all hypergraphs with n vertices. 
The probability o f a  hypergraph in this space is calculated by the following condition : 
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edges of size i occur independently from each other and from edges of  other size, 
with probability p~. Hence all hypergraphs with the same number of  edges, for all 
sizes i, have the same probability in Jg'(n, i0). Spaces of  ordinary graphs are included 
here with p~=0 for all i~2 .  When H is t-uniform, (p i=0  for all i ¢ t ) ,  we denote 
the corresponding space by .)'t°(n, p,). 

Many definitions mentioned here were introduced by Berge [2, 3], some others 
extend these definitions or other common notions in graph theory. 

Notations 
In the following notations all hypergraphs H(V, E) are of range t and belong 

either to the space ..f(n, .N) or to the space J#(n, fi). 
A k-edge is an edge with k vertices. 

E =  ~) Ek, Ek is the set of k-edges of H. 

The edge-degree of  vE V is the number of  edges containing v. 
The vertex-degree of  v~ V are the number of  pairs (el, ei) such that Iv, v;}~ei. 

(Note that vertices which have multiple links with v are counted accordingly.) 
E(Y) is the expectation of  the random variable Y. 

It"-' 2 
d( . )  = dk(n) 

(2.1) d~0, )=  kNk = k]Ek_~] for H~-)(f0Lf¢). k=z 
1t t l  

dk(n) is the average k-edge degree of  H ~ S ( n ,  N), (or the expected average if 
H~C'(n ,  ~)), d(n) is the (expected) average edge degree of H. 

(2.2) d;(n) = ( k -  1)c/~(,) ,1~07) = ~ (k-1),:t~(,) 
k = 2  

d~(J 0 and d*(n) are respectively the (expected) average k-vertex degree and the (ex- 
pected) average vertex degree of H. 

Definitions 
A sparse hypergraph is a hypergraph with average vertex degree less than one. 
A probability space o f  sparse hypergraphs is a space J{~, in which the expected 

average vertex degree of H(-J¢ ~ is less then one. 
A hyperpath between s~ and s I is a tuple (sj, et, s~, . . . .  , e,, s, ~_x=s;), such 

that for I~i~_t,  e~EE, and {s'i,si~}Ee :. 
A cycle in a hypergraph is a tuple (s~, et, s2 . . . . .  e,, sO, such that for 1 ~ i ,  .[~ 

~-~, e ~ e  i,  e~¢E, and {s~, s~+~}~,ez. Note that all edges of  a cycle are distinct. 
A subset S of  V in H is connected if there is a byperpath between any two ver- 

tices of  S. 
A subset S of  V in H is isolated if there is no hyperpath between the vertices 

of  S and V - S ,  (S and V - S  are disconnected). 
A subset S of  V in H is se l f  connected if S is connected and all the connecting 

edges are subsets of  S. 
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A subset S of  V in H is a comwcted component if S is (self)-connected and 
isolated. 

A spanning hypertree (h-tree) on S ~  V in H ( V , E )  is a hypergraph 
H' (S ,  Es), Es c- E, where S is connected in H', (and hence self-connected in H), and 
the removal of any edge from Es will disconnect S in H'. 

Note that spanning h-trees may contain many cycles; an edge {va, v.2, v3} 
in the h-tree might be the only one covering v:~ but nevertheless close a cycle between 
v t and v~,. 

A simple consequence of these definitions is that if S is self-connected then 
there is an tt-tree in H spanning precisely the vertices of  S. Note that for simple 
graphs (edges of  size 2), the notions of  connected and self-connected are the same. 

A h.~Tcr-breath-first-search (hBFS) with root  vo of a connected component 
H '  is defined as follows: 

- -  vo is at level 0 of the search. 
- -  Level i+  1 of  the search consists of  all new vertices which are connected 

to some vertex of  level i, (the edges contributing the vertices intersect level i, but do 
not intersect any lower level). 

Note that if H'  is an h-tree then every edge of H '  contributes at least one vertex 
to an hBFS rooted at any of  its vertices. 

A cycling edge in an hBFS is an edge of  size i, contributing less than ( i - 1 )  
vertices, (and hence adding at least one cycle to the structure). 

3. Main theorems and proofs 

In order to investigate the probability of the appearance of connected com- 
ponents with a given number of vertices in a random hypergraph H~oUY(n, ~), we 
shall point out a few facts, which are obvious enough as not to need an explicit proof. 

Observation 3.1. I f  S(Vs, Es) is a connected component o f  H(V, E), then S contains 
an isolated (however not necessarily cycle-free) h-tree S" spanning Vs with a subset 
o f E s .  l 

Observation 3.2. h7 a t-uniform hypergraph H(V, E) a spanning h-tree on s vertices 
has between [ ( s - 1 ) / ( t - l ) ]  and ( s - t +  1) edges, and a cycle free h-tree has exactly 
[ ( s -  l ) / ( t -1 ) l  vertices. I 

Observation 3.3. In a hypergraph H(V, E) (with edges of  different sizes) a spanning 
h-tree on Sc=V, ISI=s, has t edges, t = ~ i t i ,  (ti edges o f  size i), such that 
~i(i--l)t~>=s--l>=~iti. II 

Observation 3.4. The cycling index of  a connected component with s vertices and h 
edges of  size i is defined as ( ( X  ( i -  1) t~) - (s - 1 )  ). A connected component with cycling 
index c contains at least c cycles. | 

Observation 3.5...~'~(n, fi) is a space o f  sparse hypergraphs i f  /3=(p2, ..-,Pt), Pi = 

I C"]] =cq 0- -1)  i-- 1 and ~ , . = ~ < 1 .  2,f(n, N)  is a space o f  sparse h)~ergraphs i f  

/V=(N2, ...,N~), and ~ i ( i - 1 ) ( N ] n ) = e < l .  (Note that ei=d*(n)  and c~=d*(n), 
as defined in (2.2)). II 
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Theorem 3.6. Let C and e be two positive constants such that C>=I and 0 < ~ < 1  
and let H be a sparse random hypergraph, o f  order n, range t and average vertex degree c~. 
Under the above conditions there are constants K~.c and K,,~, such that, with proba- 
bility 1 - o ( n - c ) ,  the largest connected component in H eontah~s less than K~.c(t In n) 
vertices and with probability I - o ( n  -~) more than K~,, In n vertices. Furthermore the 
cycling index o f  the cmmected components o f  H is, with probability 1 -o (n -k+°m) ,  
at most k. 

Theorem 3.7. Given a random hypergraph H, o f  order n, range t and average vertex 
degree a = 1, with probability 1 - o  (1) the largest connected component in H contains 
less than COl(n)n ~-/a and more than n2/a/¢o(n) vertices, where co(n) is any function satis- 
fying ,!i2~ co(n)= co, and ~ol(n ) ~ O(ln n). 

Theorem 3.8. With probability 1 - o (1) the largest connected component in a random 
hypergraph H, o f  order n, range t and average vertex degree c~ > 1, contains more than 
flj~/t vertices, where 0-<fl~< 1, is a constant, (h~dependent o f  n and t). 

Before proceeding to the proofs of the three theorems, we shall outline their 
main ideas. 

Outline of proofs (Thm. 3.6 and 3.7). Let C(S)  be the number of connected 
components of  size S in H, and E(C(S))  the expectation of  C(S).  We shall show that 
both for ~=1 and for c~<l the following holds" 

(1) 
for 

(2) 
c ~ l  

~f E (C(S ) )=  o(1) then P r o b ( C ( S ) =  O)= 1 -o (1 )  

Prob ( ~  C(S) > O) ~ 1 - 1 / E ( Z  C(S)). 

Relation (1) is evident, whereas relation (2) will be proven by the second moment 
method. Note that relation (2) is trivial if E ( C ( S ) ) <  1, we shall actually use it only 
for the case E(C(S))-+ ~. to show that the corresponding probabilities are 1 --o(1). 

Outline of proofs (Thm. 3.8). We shall show that when d*(n)=~ passes the value 
one, there is a constant f l< l  such that, for Q(log(n))<-S<fln,  E ( C ( S ) ) = o ( I ) .  
It follows that, with probability 1-o(1) ,  H does not contain connected components 
in the above range. On the other hand, with probability 1 -o(1) ,  not all connected 
components in those graphs have less than O(log (n)) vertices, (this is obvious even 
from the case d*(n)= l ) .  We then conclude that with piobability (1 -o(1) )  
H contains one connected component with more than ritz vertices. 

From the outline of the proofs we see that they are based on a precise evalua- 
tion of E(C(S)).  We shall show that the easier task, a precise evaluation of  E(T(S)) ,  
the expected number of isolated cycle-free h-trees in H, shall suffice. E ( T ( S ) )  is 
indeed easier to evaluate than E(C(S)) ,  since 

1. The Ti edges of size i of any cycle-free h-tree with S vertices satisfy the 
relation z~ ( i -  1)Ti = S -  1, while the edges of a connected component with S vertices 

merely satisfy the relation Z ( i - 1 )  l i~ l |>=~(i -1)T,>=S-l . ,_ ,  
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2. As we shall show in Lemmas (3.11, 3.12) we can give exact formulas for the 
number of different cycle-free h-trees on S labelled vertices, (while the same task for 
connected components with S vertices is veW hard). 

In Lemma (3.13) we evahmte E(T(S)) ,  using the count established in (3.11) 
and (3.12). In Lemma (3.14), (3.15) we derive E(C(S))  from E(T(S)).  Finally in 
Conclusion (3.16)we draw the final conclusions necessary for the proofs of the three 
theorems. First however (Lemma 3.10) we shall prove Relation (2), without explicitly 
evaluating E(C(S)) ,  or even E(T(S)).  

Observation 3.9. I f  Sa and S,, are two connected components o j" H, spannhN respecti- 
vely V 1 and V~ then either Vl= V2 or Vmr'3 lq=0 .  II 

Lemma 3.10, bz a hypergraph H(V, E)6 JgO~, l)) with average verlev degree d~(n)= 
=cz ~ 1 the Jbllowing holds' ,for all 1 ~ S~ < S,,_ ~_ n 

erob {C([&, Sd) > O} -= 1 - E ( C ( [ S , ,  &])),' where C([Sj, &]) -- 2 '  C(S). 
. S = S  1 

Proof. As already mentioned we shall prove the above by the second moment me- 
thod, [7]. We shall actually prove the inequality for a singleton S, namely 
Prob ( C ( S ) > 0 ) ~ I - 1 / E ( C ( S ) ) .  This proves of course a slightly weaker claim, 
but the stronger version (needed only for the case .~= 1 in Lemma 3.13) is easy to 
verify, using exactly the same proof, but requiring more complicated notations. 

Prob {C(S) --~ 0}--~ Prob {IC(S)--E(C(S))J > E(C(S))} 

Vat (c(s)) 1. 
E"(C(S)) 

We shall show that 
E(C(S) 

- 1 + I / E ( C ( S ) ) .  

1 N i ~  S we can refer to the i 'h subset, and then define 

(.~') [ l  the i 'h subset is a COll. conlp, of I t  
C ( S ) =  Z Xi where X i =  io ~=1 otherwise. 

From Observation 3.9 it follows that there are exactly [SI I n s  S ] ' - ' "  ordered pairs of 

(X~, Xi), for which E(X~AXi)>0. Furthermore, for all these pairs, the event 
(Xj= 1) is almost independent from the event (X~= 1), except what concerns edges 
between the i a' and j,h subset. We conclude that 

' 2S  ~ S n - - 2 S  

E(XiAXj) = E(X~)E(Xj) /[ (1 p,)-J~[(J)-"(J)]( ~-j) 
i = 2  

E(X0E(Xj) / I  
"=2 
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We can now proceed to evaluate 

The first factor of  the first term is bounded above by (n-- S)S/n s, whereas the second 
factor is bounded by ( I -S~. /n)  -s. We conclude that, for c(~ 1, the whole sum is 
bounded by 1 + 1/E(C(S)).  This finishes the proof  of  the Lemma. Note that exactly 
the same proof  holds for T(S) .  I 

Lemma 3.11. The mmzber o/" cycle-free t-uniform h-trees spanning [S+  1] = ( t -  1)T, 
labelled vertice.v, eqz:als the Jbllowing expression: 

(3.11) 
(Sq- l)! (S-}- l) (r ' - t)  

( s +  1)(T,)! ( t -  1)!7, • 

Lemma 3.12. The number o f  cycle-free h-trees o f  range t spanning [ S + l ] labelled ve,'ti- 
ces, equaLv the following expression: 

(S+  1)! (S+ 1)('%-~) 
(3.12) ~ (s+ :l)n,(5)! (~-1), ~ 

{:rile ( i- l)Y i =S} 

Yi stands for  the number o f  edges o f  size i, in the h-tree. 

Proof (of both lemmas). A cycle-free h-tree, with [ S + I ]  vertices is parameter- 
ized by exactly one hBFS for each of its potential [ S +  1] roots. The edges of size i, 
occuring m the hBFS, can be decomposed in contributed (new), and one connecting 
(old) vertices. Once the partition of  the n vertices into [ ~  T~] contributions and the root 
vr is determined the number of hBFS with precisely these contributions is ( S +  1)2: r,-1. 
This is a generalized Cayley formula, which we shall demonstrate right below by 
showing that the number of hBFS (v,., {T~}), in which vertex v has edge-de~ee d,,+ 1 is 

exactly td,, d~.~, . . . .  d~]" All the/>trees (v~, {Y~}) can be generated by the following 

procedure : 

1. All ~ T~ sets are free (tmlocked) and not frozen. A 11 vertices are free. Lock 
the root and all vertices v with d~.=0. 

2. While V contains free vertices flo begin (*~Cvnstruct subtree rooted at free 
vertex**) 

(a) v is any free vertex in a free set. v chooses d~ neighboring sets among the 
free sets. All chosen sets, as well as v become locked, the set of  v becomes 
frozen. 
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(b) While l." contains free vertices/ n locked sets do begin 
vy is any free vertex in a locked set. c I chooses d~z neighbors among 
the free and not frozen sets./\11 chosen sets as well as v.r become locked. 
end 
Unfreeze the set of cy. 

end 
3. All the flee sets become the neighbors of the root. (There are exactly 

T i - ~ d , , ~ = d , + l  IYee sets left at this point). 

All hBFS with degree sequences d~ are generated by the above procedure. 
Fm'thermore it is easy to verify that the number of different hBFS is exactly 

d,, d,., . . . . .  d~,~,' and hence their total number is 

[ d , ,  . . . ,  < . , J  : 

(3.12) follows. 1 

Lemma 3.13. Let T( S) be t/re number o f  isolated cycle-free h-trees with S vertices, in a 

then 
~E(T(S) )=o(n  -c) for S>=R,~,cllnn = CK~tlnn 

/ f  a < 1 [ E ( T ( S ) )  => ,,~ fo," S < _Ke In n 

if" c z = l  

~IZ-2/a 
E(T(S)) = o / e°'a("---T) 

E ( Z ~ T ( S ) )  >-- ~,~(,,~ 

for S ---" a,(,On ~/3 

for ~ = {81?12/3 < o)(,|)8<z ,, 2/3} 

> = K,n/t .  ~f ~ 1 E(T(S)) o(e -a(s/')) for K ~ t l n n < S < - '  

Proof. Let S ' = S + I .  Denote" [n]k=n!/(n--k)!. 
A specitic isolated cycle-free h-tree with Ti edges of size i in H with probability 

p~ for edges of size i has probability: 

S '  n - -  S p 

1-[ PT' .~ (1 -pi)~ ~ ( j ) ( ' - j ) -  
i i 

The first product accounts for the Ti edges of the h-tree, while the second factor 
accounts for the fact that the h-tree is isolated. It follows now from (3.12), and the 
formula for Pl that E(T(S ' ) )  equals: 

t " T i S' n--S'  
2 '  [ r / Is ,  1 ( S  ~ i / ( l - -  l ) )  i (j)(i--j) 
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Since ~ ' ( i - 1 ) T ~ = S ' - I = S ,  it is convenient to express the tbrmula in terms of  
S, instead of  S' ,  which essentially will make no difference. 

O(1)[n]s n (Sc(U(i- 1)) "r; 
(3.13) = w 0,1...) H([n]~-l) "r' f'> ~ (7",-)! 

= Z l))T, 
{ r , 1 - 3  . (Ti)! 

Where o(S ,  rzi) is given by the following expression: 

s t ' "  ] (s i t , ,  
H ( I - p i )  ti-:l]-t2sti-2! 
i 

HI _y_s] 
(a) f (T)  = f (~o)  - - '~"  

• j - l )  q [ Ti°]<' 

H tf ~Sl(j-1) ) 0 

(b) = f ( ~ o )  s f ~ ,Sl ( i - -  1).] ~' g(~:) where g(8) = e -°(S~rr,°) <= I. 

H. t Tp ) 
Upon substituting T ° = ( a k + e k ) S / ( k - - 1 )  for all k = 2  ... t 

Now 

O 1 n (3.13a) ~o(S, ~i) = ( ) - ~  e-s(Z~'/i-1)e-(1-~)s'[2"e-°(s3/n~)e(t-1)s/'. 

The following lines contain the evaluation of (3.13), for any cz, and finally the 
distinction into the three cases ( a<  l, ~=  l. ~ > l ) ,  leading the different threshold 
values for S. 

We shall show that the function 

defined on all {Ti} tbr which ~ ( i - I ) T i = S ,  has an absolute maximum at T~= 
=(cq+el )S / ( i - -1 )  for some {e~} for which ~ ' (~ i+e~)=l .  All the e~ are positive if 
~ '  ~i~ 1, and all the el are negative if ~ '  cq> 1 ; their precise value shall be given in 
the course of  the proof.) 

Let T =  T~ . . . .  , Tt be any vector T tbr which ~ '  ( i -  I)T~ = S. We shall denote 
by i all the indices for which Ti<T~,  and by j all those for which Ti>-_T~ .. Then 

Vi T~+cl = T ° , c i ~ O 
s.t. z ~ ( i - - 1 ) c / =  Z ( j - - 1 ) c  i .  

v j  r j - c ~  = r y, ci ~ o 
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Set ~k=ak(etk-l)~--l) where fl is tile unique real solution of 

c~ke (k-1)1~= 1, ( f i ~ O  if ~ , ~ 0  and f i ~ 0  if a:---0). 

Upon substituting G one obtains: 

(d) f ( ~ )  = f (  ~ o) eO(2(i- I ),.,- S(s - 1)Cs)g (?:) = j ' (  ~,,) g (d). 

This proves that J ' ( T ) ~ f ( ; f  °) for any 7 ~'. To evaluate (3.13) it remains to eva- 
luate n ( S ,  i ) f (  )" 

l))r? 
(e) ~2(S, ~ , ) f ( ~ o )  = ~,(S, ~.,) h 

i=~ T?! 
[ o t ie  I (~ ,+~i ) s I ( i - ] )  A (r) ~ ~,(s, ~ , ) .  

i=2  

(g) ~ o (S, ~i) eZ'Si(~- ~) [~'- ~t~.c~, + ~3~, 
o t t- - - Z  where L = 2  if ~ < I , L = 8  if c~>l. Note that ~ '  e,.-/(~z+es)=>(1 c~)", and sub- 

stitute o(S, cq) as given in (3.13a), to obtain the bound of: 

(h) ~ 3 C_( I_e )eS~L( t_ I ) c j_ ( I_cz )S2]2  n "  • 

I. Sparse hypergraphs (i.e. w< l )  

Since there are at most (t S 2 )  ternasin thesum,  we conclude that (3.13) is 

bounded by 

I S ] n e-c~-~;'s/~('-~) 
t -  21 5 "=, " 

Fo r  S=K,=,ct In n, w i t h  K=,c=CK=~4C/(] - ~ ) " ,  we ob ta in  that  

E ( T ( S ) )  : o(,,-c) 

For S<K0 In n, with K z ~ ( l  - 5 ) ,  it follows from (e) that the single term corres- 
ponding to 2Po is greater than n '~, and hencc E ( T ( S ) ) > n  ~. 

2 . ~ = 1  
In this case we could have stopped the estimates at (e), and conclude that 

(3.13) equals 
(e 1) ~ ~, (S~i) f (T")  g (g:). 

{c i, c i] Z ( i  -- 1)c i = Z (J "- Deft 

We proceed to estimate (el): 

: ) 
{q,c f l  ...} i=1  ],/Ti n 

: y .  " °  - -  e -  OCZc~ I1, ) 

= O(1) -~---~-- e -°(s/"~). 
° V S  
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For S > o ~ ( n ) n  va, we obtahl that 

r ( T ( s ) )  = o(,,-0-~:,~-,o=o0), ~nd E ( Z T ( S ) )  = o(e-"~(")). 

Whereas for J=[,12/a/2¢o(n), n~/a/o~(n)] 

Z E(T(S)) = O(o,(,,V.~). 

3. ~.>1 
We cont inue  the deve lopment  from (h) one  step further and obtain the expres- 

sion in the fo l lowing form: 

- - e  ts(t-O 2,, )" . 
SO 

For S = 4 f i ' ( ~ -  l ) n / ( / -  l ) = 4 ,  fi' < I, the expression in tile brackets is greater 

( i )  

than 
(l - f l ' ) ( ~ -  l)-' = ,q" 

s ( t -  1) t 
and hence (i) is n/S ~ o(e-/z"s/'). 

For S>(2/fl")t In n=K;~t In n and /?=,/V'/2 (i) is bounded b) 

o ( e -  l;s/,). 

This concludes the proof of" the lemma. II 

Clearly E ( T ( S ) ) ~ E ( C ( S ) ) ,  and hence for all S for which E ( T ( S ) )  . . . . .  
E ( C ( S ) ) =  o~ hokts. It remains to show that, for most vah, es of  S. if E(T(S))= 
o{1), then E(C(S ) )=o( I ) .  The next two lemmas ~how that E(C(S) )  is, in all 
relevant cases not considerably larger than E(T(S) ) .  

Lemma 3.14. / f  Cl. ~ (S) is the mtmber o f  cmmected eompone, lts with cycling index k in 
H(V, E)g,Y{04 l}) with atTera_,~,e i,erte_v deg*ree v~ .=~-~  1, the~,. 

(O(S:/n)')~ E ( T ( S +  k)). 
~:(c, ,  ( s ) )  ~ k---V- • 

Proof. A connected corn ponent with S \~ertices and cvcling, index k, can be represented 
as several cycle-fi'ee h-tree with S +  k vertices, composed of the orighlal S vertices and 
k additional copies of vertices of S. (This can be done for example during a hBFS in 
which all edges of  size i will be forced to contribute i - [  vertices by dTynamically 
adding additional copies of  vertices which already appeared in the hBFS.) It follows 
that 

For E(~),(S)) we need the probabilily that a specific connected component with 
cycling index 1~ and T i edges of size i. is present in HCJ#(n .p) ;  for E ( T ( S ) )  we 
used the probability that a specilic cycle free h-tree with T~ edges of  size i is present 
in H~.~¢(n,/D. These probabilities are given respectively b y  

z (s~(,,-s~ z (s ~q( , , -s-q 
/7 p r , ( 1 - p , . ) , > " ; ' " - ~ '  and /7 p ; ' , ( I - p 3 ,  . . . . .  ~ " '  ~-~ ' .  

f i 
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Note that for both structures ~ ( i - I ) T i = S - I + k .  It follows that: 

_ _  ,-~s~p,-s~_(s+k~t~-s- k~ 
E(Ck(S)) ~ ( S ) ( S ~ k I E ( T ( S + k , )  p i ) ' ~ t ~ i , ' , i - - j , ,  . i , ,  i - . i  ; 

t+J',",? " ('- 
(IS+ k], ,F ! 

k ! [n - S]k 
_ _  e I r ~  / ( i - O l k  

{O(S~/n)}k E(T(S-F k)). l 
-<- k ~  

Lenm, a 3.15. ( The structure oj" amnected components) The expected number o f  cycles, 
E(cycl), in H(V, E)~Y{(n, ~), with acerage rertex degree ~ ei----e~ 1, is' O(ln n) 
for :t= 1, and O(1) for ~< 1. Moreover,for each constant C, there is a constant Kc 
such that the probability that It(V, E)~,~(n,  ~) contahzs more than Kc Inn E(cyct) 
~\vcles is less than n -c. 

Proof. The expected number of cycles of order c in H(V, E) is 

( ~ : -  1 ) !  (1 - f l ( l  - n ) (  , - ~  ~ ~ - ( Z , ~ - , Y  = - - .  
" i C C 

We conclude that: E(cycl)~ ~ - - .  
c = 2  C 

This is indeed O(ln n) for a = l ,  and O(I) for ~<1. 
Moreover, we can divide the cycles into 2E(cycl) order groups such that the 

expected number of cycles in each group is at most t/2. It follows that for edge dis- 
joint cycles the probability of having more than COn n) cycles in any ~oup  is 
o(n-C), and hence the probability of a total of more than Kc(ln n) disjoint cycles is 
o(E(cycl)n-c). It is easy to verify that the probability of intersecting cycles is even 
smaller. II 

3.16. (Conclusion o f  the proof o f  Theorems (3.6), (3.7), and (3.8)) 
1. ~-< I (Theorem 3.6) 

O) (upper bound) By Lemma (3.15) with probability I -o(n-C),  H(V, E) 
contains at most O(ln n) cycles and hence by Lemma (3.14) 

~' {O(S2/n)}k E(T(S-F k)). 

For S = C F ~ t l n n  (by temma (3.13)) E(T(S ) )=o(n -c ) .  and hence 

E(CtS)) ~ 22 {O(S'-/")I~ k k! °(n-s"(~~'~"")) =°(n-Ca °m0" 

(b) (lower bound) For S-~--K~ In n E ( C ( S ) ) ~ E ( T ( S ) ) ~ M  and hence by 
l.emma (3.10) Prob (C(S) : -0)=  l - n  -a. Moreover again by kemma (3. I4)for all S 
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for which E(C(S))~o(I), (i.e. S<K~ tin n) 

{O(S~/n)} k-~ {O(S°-/n)}k E(T(S+ k)) ~- E(C~(S)) ~- k! k! 

and we conclude that the cycling index of the connected components of  H is with 
probability 1 -o(n-~+°(~)), at most k. (This holds for any positive integer k.) 

2. ~=1 (Theorem 3.7) 
(a) (upper bound) Agafa~ by Lemma (3,15) with probability I - o(l) H(I,\ E) 

contains at most O(ln n) cycles and hence by lemma (3.14) 

Z , . E ( c ( s ) ) ~  ~ ~ {°(s~-/")}~ E(T(S+k)) 
S ~ e)(,'l)n 'z " k < O ( I n  n) k !  " 

- Z Z {o(s~/,t)], 
{sis= ,,,(,,),,z/~} k k ! 

which is o(1) if co(n)>ln n. 
(b) (lot~'er bound) For j ' =  {SIn"-/~/2 < So9 (n )  < n ~/~} 

o(n 213e-'~(')) 

E(Z~C(S))  ~- E ( Z j  T(S)) . . . .  

and hence by kemma (3.10) Prob ( ~ y C ( S ) > 0 ) =  1 o(1). This concludes the proof 
of Theorem (3.7). 

3. ~>1 (Theorem 3.8) By Lemma (3.14), 

1~ nit 

Z 
s = ~  t In, 

{O(S~/n)}k E(T(S+/,-)) E(c(s))  ~ Z k, 
k 

[(~ 11,¢t 
5 ~ eSZln o(e-~S"t) .  

S = K ~ t l n n  

This is o(1) for S~min  (K~, fl)n/t=O(n/t). It follows that in this case H 
has with probability 1 -o (1)  at least one connected component with O(n/t) vertices. 
This terminates the proof of Theorem (3.8). 

This also terminates the proof of all our Theorems. II 
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